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Abstract: We describe the standard CW-structure of the Grassman-
nians G, (R"**) and G,,(R>). We stick to [T, App. pp. 519-523] for basics
on CW-complexes and to [2, Sec. 1.2 pp. 27-34] for the CW-structure
itself.

1 CW-complexes

Definition 1.1 (inductive definition) A CW-complex is a Hausdorff topo-

logical space X which can be written as X = J, ey Xn, where:

i) for n =0 the subset Xy is a discrete set (collection of points with the
discrete topology);

ii) for each n > 1 the subset X, arises as X, = Xp—1Upn [Laer, Do
where I, is an arbitrary set, D' := D" := {x € R™||z| < 1} is the
usual closed n-dimensional ball and f* : [[,c; 0Dy — X, 1 is a
continuous map; the topology of X, is the quotient topology induced by
1", the standard topology on D! and that of X, _1;

i1i) the space X has the topology induced by the direct limit of the non-
decreasing family (X,,), (with inclusions as maps), that is, a subset §)
of X is open in X if and only if QN X, is open in X,, for all n.

Recall that, for two topological spaces X,Y and a map f: A — X defined
on a subset A of Y, the space XUfY is the quotient set XHY/a ~ f(a)
endowed with the quotient topology.



The subspace X, is called n-dimensional skeleton of X. An n-dimensional
(open) cell of X is the homeomorphic image under the quotient map of
int(D!) := D2\ 0D! for some o € I,. We shall denote that cell by e.
Each cell e} has a so-called characteristic map ¢ : D} — X, which is

incl. incl.

the composition Dy = [z, Dj X, 1 ser, D5 e x, X By
construction, ¢! is continuous and maps int(D?) homeomorphically onto the
open cell e}.

By definition, each CW-complex can be written as the disjoint union of its
open cells (of different dimensions). Note that this decomposition into cells
need not be unique; e.g. a circle can be written as a CW-complex with one
0- and one 1-cell or with two 0- and two 1-cells. A finite CW-complex is a
CW-complex having only a finite number of cells (in that case, X = X,, for
some n € N). A subcomplex of a CW-complex X is a closed subset A C X
which the union of cells of X.

Standard examples of CW-complexes include spheres, (real or complex) pro-
jective spaces and... Grassmannians, see Section [2]

A CW-complex can be completely described by its cells and the correspon-
ding characteristic maps:

Proposition 1.2 (direct definition) Let X be a Hausdorff topological space
and ¢ = D' — X be a family of maps, where o € I,, for some (possibly
empty) set I, and n runs over NI Then the (¢")a,n are the characteristic
maps of a CW-structure on X if and only if the following conditions are

Fulfilled:

1. each ¢" is continuous and maps int(D?) homeomorphically onto its
image, which we denote €.;

2. the el’s are disjoint from each other and their union is X;

3. for all a,n the subset ¢ (OD) lies in a finite union of eg ’s, where
k<n-—1;

4. a subset A C X is closed in X if and only if ANen is closed for all
a,n.

The proof uses the fact that a subset A C X is closed in X if and only if
(¢7)71(A) is closed in D for all o, n. We refer to [1, App. pp. 519-523] for

!Note this Ny if you prefer.



a proof of Proposition and further basic or less basic remarks on the to-
pology of CW-complexes (e.g. that CW-complexes are always paracompact
and locally contractible).

Further on in this seminar we shall make use of the following

Theorem 1.3 (Whitehead) Let f: X — Y be a continuous map between
connected CW-complexes. Assume m,(f) : m,(X) — m,(Y) to be a group-
isomorphism for all n € N. Then the map f is a homotopy equivalence.

The reverse statement (“f homotopy equivalence = all m,(f) : m(X) —
T (Y) are group-isomorphisms”) is, of course, trivial. For the introduction of
higher homotopy groups and the proof of Theorem [1.3] we refer to [I, Sec.
4.1].

2 Real Grassmannians as CW-complexes

Recall that the (real) Grassmannian of n-dimensional vector subspaces in
R™** (where n, k € N) is defined as

Gn(R™) := {n-dimensional vector subspaces of R""*}.

It is a closed manifold which is homeomorphic to the nk-dimensional ho-
mogeneous space O(n + k)/O(n) x O(k)- In just the same way one can define
the Grassmannian G, (R>) as the collection of all n-dimensional vector sub-
spaces of R® := @,y R. Notice that it can be written as the direct limit
Gn(R®) = Upey Go(R™) (with inclusions as maps). We endow G,(R>)
with the topology induced by that direct limit.

We begin by fixing n,k and look for a CW-structure on G, (R"**). This
is done with the help of the so-called Schubert symbols of a matrix. Given
V € G,(R"*), choose a basis of V. W.r.t. the canonical coordinates of R"**,
this basis defines a matrix A € M(n+k)xn(R) of rank n. Elementary operations
on the columns of A (see below) allow for A to admit the following “echelon”
form: there exists an n-tuple (oy,...,0,) € {1,...,n +k}" with 1 < gy <
... < op < n+ksuch that Ay ; =1, Aj; = 0 for all i > o and Ay = 0
for all k& # j [figure]. Namely the following algorithm can be implemented,
where the only allowed operations on the columns are permutations between
them or replacing a column by a “non-trivial” linear combination of them
(non-trivial so as to keep the rank maximal):



e For each j € {1,...,n} let m; := max({i|A4;; # 0}) and j, with

My, = Imax (m;) (this jo need not be unique of course). Up to permu-
<jsn

ting the columns we can assume that jo = n and, up to rescaling the
n'™ column by a non-zero scalar, we can assume that Amjon = 1. We
set 0, := m;, and note that, by definition of ¢, we have A;; = 0 for
all © > o, and all j. Replacingﬂ the column A.; by A; — A, ;A., for
all j < n (and this is an invertible transformation since in the basis
(A.;); its matrix is upper triangular with only 1’s on the diagonal) we

can achieve A, ; = 0 for all j < n.

e In the same way, we proceed inductively on the remaining columns
(A j)1<j<n—1. Note that, at each step, necessarily o; < 0,41 holds be-
cause of A, ,,x = 0 for all £ < j + 1. One should also pay attention to
the elimination of the coefficients A;; for i # o0;: namely for i < o; it
is the operation analogous to the one above, for ¢ > o; we can still do
the same since the coefficients Ay; remain unaffected whenever k£ > o;
and [ > j (because of Ay; =0 for all k > o) [figure].

e Obviously the number of o;’s we obtain at the end is the rank of the
matrix, which has not changed in the process, therefore we obtain the
desired tuple 1 <oy < ... <0, <n+k.

By the choice of operations on the columns of the original matrix, the columns
of the new echelon matrix still span V. However, it could be a priori possi-
ble for different echelon forms of A to exist. This is not the case. First, the
tuple (oy,...,0,) has to be independent of the echelon form. To see this,
consider the family of canonical projections p; : R"™* — R"*~J onto the
last n+ k — j coordinates, 0 < j < n+ k. Then the map {0,...,n+k} — N,
J +— dj == dim(p;(V)), is obviously non-increasing with dy = n and d,,4 =0
and the j’s with d;_; > d; are exactly the o;’s. In particular those are
uniquely determined by V' and not by the choice of echelon basis. Moreover,
two echelon bases (vy,...,v,) and (01,...,0,) have to coincide: for each j
decompose ¥; in the basis (v1, ..., v,), then necessarily v, € Span(vy, ..., v;)
because of (9;); = 0 for all i > o,; moreover ¥; has to be proportional to v; be-
cause of (0;),, = 0 for all i < j; finally 9; = v; because of (v)s;, = (7)o, = 1.

On the whole, we obtain the

Lemma 2.1 Each V € G,(R"*) has a unique echelon basis and in parti-
cular provides a unique (o1, ...,0,) as above.

2We thank Nikolai Nowaczyk for correcting a mistake here.



The tuple (o4, ...,0,) is called the Schubert symbol of the vector subspace
V. Now fix such a tuple o := (071, ...,0,) and consider the set e(o) of those
V € G,(R™*) having Schubert-symbol o. Then e(o) canonically stands in
one-to-one correspondence with R!, where [ is the number of free entries
in the echelon basis, thus [ = >°% 05 —j = >0 0j — @ Using the
definition of the quotient topology on G, (R"**) the subset e(c) equipped
with the induced topology is even homeomorphic to R!, hence to int(D").
The set e(o) is called Schubert cell associated to o. It is not called “cell”by

chance:

Proposition 2.2 The Schubert cells are the cells of a CW-structure on the
Grassmannian G,(R"™). In particular G,(R™™*) is a finite CW-complex

with < ntk ) cells.
n

Proof: By Lemma [2.1] cells corresponding to different Schubert symbols are
disjoint. Obviously, the union of all cells is G,,(R"™). To describe the glu-
ing maps, we introduce a slightly different echelon form as the one above.
More precisely, given V € G, (R"*), we claim the existence of a unique
orthonormal basis of V' (w.r.t. the standard inner product on R"**) and a
tuple 1 <oy < ... < 0, <n+ k such that, for the matrix A of that basis in
the canonical coordinates, we have A;; = 0 for all © > o; and A,,; > 0. For
instance, the Gram-Schmidt process applied to the echelon basis of Lemma
2.1 provides such a basis. Notice in particular that the row indices where the
“steps” appear coincide with the components of the Schubert symbol of V.
Again, there is actually only one such orthonormal echelon basis for V: if
(wy,...,w,) and (@01, ...,w,) are two such bases, then argueing inductively
on j one shows that first @w; € Span({wy, 1 < k < j}) using the echelon
form, second w; € R - w; using the induction step, third w; = +w; using
;| = |w;] = 1 and finally w; = w; because of (;),,, (w;),, > 0.

Now, given a Schubert symbol o, consider

E(o) = {(w1,...,w,) € RO (w; w;) = &; and w; € Sfrj*l for all 7, 5},

where S, = {z € R ||z| = 1 and 241 > 0} is the I-dimensional closed
upper half-sphere. Here and as usual, we identify R! & R! x {0,,_;} C R**¥.
The set E(o) can be seen as the set of orthonormal echelon bases of all
V € G,(R""*) having Schubert symbol o, enlarged by those having Schubert
symbol o with o’ < o; for all j and o’ < o, for at least one jy (for in E(o)
we allow for the component (w;),, to vanish).

Claim: The set E(c) - endowed with the topology induced from R
homeomorphic to the closed ball DY, where q = Z;;l oj—J.

n+k)n _ is

D



Proof of the claim: We proceed inductively on n. For n = 1 the result is trivial
since then E(0) = ST~ 22 D11 (this remains true if o, = 1). For the step
from n — 1 to n we consider the projection onto the first factor 7 : E(0) —
S7 ! and show that it is isomorphic (hence homeomorphic) to the trivial fibre
bundle ST ' x E(0') — ST, where ¢’ := (051, ...,0,—1); the induction
assumption then shows that E(o’) & D' with I’ = a0 —1=(j—1)=
> 05 — J, hence E(0) = D7 with ¢ = o1 — 1 +1' = 377 0; — j, which
is the result. To prove that 7 is isomorphic to the above trivial fibre bundle,
we construct as in [2] a continuous map p : E(o) — 7 '({n,,}) which
maps each fibre 77!({z}) homeomorphically onto 7~ ({n,,}) and such that

Plooiipny.y = id. Here ng, := (0,...,0,1) € S~ denotes the North pole of
T noq
Sot=1. Note that

T ({ne,}) = {(no wa, .. wn) € E(0)}

{(ws, ..., wn) € [[SY | (w))e, = 0 and (w;,w;) = 6;;}
j=2

I

= {(y, i) € [[ST77 ] (b, y) = 635}
=2
>~ FE((oa—1,...,0,—1)).

The map p can be defined as follows. Given v € S+~ let r, € O(n + k)
denote anﬂ orthogonal map sending v on n,, and restricting to the iden-
tity on {v,n,, }*+ (for example the direct sum of a rotation in the plane
Span(v, ng,) with idg,,, y+ does the job). In case v = n,, just take r, = id.
Then set p(vy, ..., 0n) = (Noys Toy (V2)s - .., 7y, (V) for all (vy, ..., v,) € E(0).
Note that p(vy,...,v,) is orthonormal because of r,, € O(n + k) and that
rvl(S(f_l) C S‘f_l for all j > 2 because of n; € {vi,n,, }* for all j > oy;
in particular p(vy,...,v,) € 7 '({ny,,}). The map p : E(c) — 7 '({ns,})
can be shown to be continuous and fibrewise bijective (since r,, is bijective
Sj‘rj_l — Sj‘rj_l for each j > 2). Since all fibres of 7 are compact and Haus-
dorff, the map p induces a homeomorphism 7! ({v;}) — 7~1({n,, }) for each
v; € ST Now m xp: E(0) — ST~ x 77 1({n,, }) is continuous, bijective
(since p is fibrewise bijective) and because of F(o) being compact (it is a
closed subset of a compact set) the map 7 X p is actually a homeomorphism.
This concludes the proof of the claim. V
The map ¢y : E(0) — G(R™™*), (vy,...,v,) — Span(vy, ..., v,), is con-
tinuous by definition of the quotient topology on G, (R"™**). Its restriction
to int(E(0)) induces a bijective map int(E(0)) — e(o) by the existence and

3 Actually the map r, can be constructed so as to continuously depend on v.



uniqueness of orthonormal echelon bases and the coincidence of the row in-
dices where the “steps” appear. By Brouwer’s theorem on the invariance of
the domain, @y, s, Must be a homeomorphism int(E(c)) — e(o). More-
over, ¢,(0F(c)) is contained in a finite union of e(o’) with o’ < o for all j
and o’ < 0, for at least one jo, see definition of E (o) above. On the whole,
G, (R™*) can be constructed inductively (as in Definition by beginning
with a point (take 0 = (1,...,n)) and by attaching at each step finitely many
cells of the next possible dimension using the ¢, above. This concludes the
proof of Proposition [2.2] O

Since G,,(R*) can be obtained as the (topological) direct limit of the CW-
complexes G,,(R"**) and each inclusion G, (R"**) C G, (R""**!) obviously
maps G,,(R""*) onto a subcomplex of G, (R****1) the Grassmannian G,,(R>)
has a unique CW-structure such that all inclusions G,,(R"™) C G, (R*>) are
again inclusions of subcomplexes.
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