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1. Introduction

It is well known that limiting cases in classical estimates for the eigenvalues of
the fundamental Dirac operator on a compact manifold without boundary [5, 8]
give rise to special geometries. Indeed, these limiting cases are characterized by the
existence of special spinor fields, such as Killing spinor fields which imply severe
restrictions on the holonomy [1]. Considering hypersurfaces bounding a domain, the
hypersurface Dirac operator has been introduced by E. Witten to prove the positive
mass theorem [15]. The spinorial background that has been developed to extend the
classical estimates to hypersurfaces has now become a powerful tool to investigate
extrinsic geometry and manifolds with boundary problems (see e.g. [10, 11]).

In this direction, the spectrum of the submanifold Dirac operator has been
studied in [9], where some estimates are obtained for odd codimensions. In this
paper, we first give new lower bounds for the eigenvalues of the submanifold Dirac
operator (Theorems 3.5 and 3.6) and discuss their limiting cases.

We start by restricting the spinor bundle of a Riemannian spin manifold to
a spin submanifold endowed with the induced metric. We then relate this bundle
to the twisted spinor bundle on the submanifold. For further study of the limiting
cases, we have to adapt the algebraic identifications of the spinor spaces and Clifford
multiplications given in [2].
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Defining appropriate Dirac operators and relating them with the help of
the spinorial Gauss formula, the submanifold Dirac operator Dy is the natural
generalization of the hypersurface Dirac operator (see for example [14,16]). We
then get lower bounds for the eigenvalues of Dy in terms of the norm of the mean
curvature vector, the Energy-Momentum tensor associated with an eigenspinor, and
an adapted conformal change of the metric.

Lower bounds also involve the scalar curvature of the submanifold as well as a
normal curvature term which only appears in codimension greater than one.

As a consequence of our definitions, the established estimates hold for all
codimensions (compare with [9]).

Our identifications allow to discuss the limiting cases in terms of special sections
of the spinor bundle. These particular spinor fields generalize the notion of Killing
spinors to the spinor bundle of the submanifold twisted with the normal spinor
bundle.

The main point of this paper is that such estimates (see also [9, 16, 17]) can
always be discussed in an intrinsic way by considering any auxiliary vector bun-
dle attached to a manifold instead of the normal bundle of a submanifold (see
Theorems 4.1-4.4).

2. Dirac Operators on Submanifolds
2.1. Algebraic preliminaries

In this section, we adapt algebraic material developped by C. Bér in [2]. Basic facts
concerning spinor representations can be found in classical books (see [3, 6, 12]
or [4]).

Let m and n be two integers, we start by constructing an irreducible represen-
tation of the complex Clifford algebra Cl,,4,, from irreducible representations p,
and p,, of Cl,, and Cl,, respectively. Let 3, be the space of complex spinors for
the representation p,. Recall that if p is even, p, is unique up to an isomorphism,
and if p is odd, there are two inequivalent irreducible representations of Cl; in this
case (pg;, Zf)), j = 0,1, denotes the representation which sends the complex volume
form to (—1) Idzg . So we have to consider four cases according to the parity of m
and n.

First case: Assume that n and m are even. Define
v :R™"@®R" — Endc (X, ® ;)
(v, w) > pm(v) ® (ldgy —1dg-) +1ds,, ® pu(w),

where ¥ is the +1-eigenspace for the action of the complex volume form w, of
Cl,. Recall that w, = il"s ey - .. .- en, where (e1,...,e,) stands for any positively
oriented orthonormal basis of R and ‘-’ denotes the Clifford multiplication in CI,,.
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Then, for o € 3, 8 € ¥, for any vectors v € R™ and w € R™, we have:
(v + W0 @ 0) = pu(0)20 @ (07 +07) + pr(v)0 @ (P ()0~ — pu(w)8)
+pm(v)o @ (pu(w)0" = pp(w)07) + 0 @ pu(w)*0
= (v +wf)o® 0.

Therefore, since v(v +w)? = —|v+w|?Id, the map 7 induces a non-trivial complex
representation of Cly,4,, of dimension 2”2 and so v is equivalent to Py p.
With respect to the inclusions of Cl,,, and Cl,, in Cl,,,, corresponding to

R™ — R™" =R™@R*® and R" — R™" =R™ pR"
v — (v,0) w— (0,w),

we can write

NELESIESY
Wman =i 2 Jep ... emin
ymily.pntl
=" i e e ema1 o € (2.1)
= W+ Wy -

On the other hand, if o € 3,,, and 0 € %,,, then for all v € R™,
Y- wp)(o®0) = pm(v)o®0. (2.2)
Therefore, since m is even, we have
Y (Wimtn) (0 @ 0) = pr(wim)o @ pn(wn)d,
so that

Z+

min = Ih O OT 0%,
=St e, 8%, 9%},
We can then define

Y=, 0%, =%}, 8%, ..

m+n
Second case: Assume that m is odd and n is even. For j = 0,1, set
7 R™ O R™ — Ende(X, ® X,,)
(v,w) — pl,(v) ® (Idgs —1dg-) +1dyy ® pu(w).

As before, the map 4/ induces a non-trivial complex representation of Cl,,, of
dimension 22", Since wmin = Wy - Wy, as in (2.1), we have v/ (wm+n) = (—1)7 1d,
and therefore the representations 49 and p;, ., ,, are equivalent. Note that

Y wy) =pl(v)®Idg,, VYveR™. (2.3)
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Third case: Assume that m is even and n is odd. For j = 0,1, set

7 R™ @ R" — Ende(Z, ® 27)

S <p0 (v _pz(v)> e

dy: 0

0,w) —
oo (" o

) ® pl(w),

where the matrices are given with respect to the decomposition ¥, = X} @ X .
Once again, 77 is an irreducible complex representation of Cl,,, .. As in the previous
case, Wmin = W - Wy, and we see that 7 (wWy, 1) = (—1)7 Id.

So we proved that 47 is equivalent to p 1 and

V(v -wn) = (1) pm(v) ® Idg; , VveR™. (2.4)
Fourth case: Assume that m and n are odd. Define
Tti=%0 @%9,
» =30 ®%nl,
T=Xtex,
and

v :R™ @ R" — End¢(X)

(v,0) »—>z<

—p(v)®T 0
(0,w) — 0 —ldsg ® 77" 0 pp(w)
’ Idso ® 70 pf) (w) 0 7

where 7 is an isomorphism from 2 to £} satisfying

Topl(w)or t = —pl(w), YweR™.
Now, as in previous cases, we have v(v+w)? = —(|v|?>+|w|?) Idx, for all v € R™ and
w € R™. Moreover, since in the case where m and n are odd, wy,1n = —twy, - Wy,

we can show that

( ) Ids+ 0
Wimatn) = .
Timt 0 —Idy

Therefore we conclude that v is equivalent to p,+n and Efl = I

Besides, we have the relation

0

®Id 0

Y- wy) =1 Pm () = , YveR™. (2.5)
0 —p0,(v) ® Idsy
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2.2. Restriction of spinors to a submanifold

Let (M M+ g) be a Riemannian spin manifold and let M™ be an immersed oriented
submanifold in M with the induced Riemannian structure. Assume that (M™, gas)
is spin. If NM is the normal vector bundle of M in M, then there exists a spin
structure on N M, denoted by SpinN. Let SpinM X s SpinN be the pull-back of
the product fibre bundle SpinM x Spin/N over M x M by the diagonal map. There
exists a principal bundle morphism @ : SpinM X p; SpinN — SpinM|;, with

@((smr,sn)(a,a’)) = ®((sar, 5n3))(a - a) (2.6)
for all (spr, sn) in SpinM X s SpinN and for all (a,a’) in Spin(m) x Spin(n), such
that the following diagram commutes:

SpinM X s SpinN 2, SpinJ\Zf‘M

pY
M

/
SOM x 3 SON — SOM,y

where the lower horizontal arrow is just given by juxtaposition of bases (see [13]).
Now, let S := EM|M, where M is the spinor bundle of M and

5 XM ® XN if n or m is even,
T ISM®IN®IM QXN  otherwise.

Recall that there exists a hermitian inner product on S, denoted by (.,.), such
that Clifford multiplication by a vector of T'M),; is skew-symmetric. In the follow-
ing, we write (.,.) = Re((.,.)).

2.3. Identification of the restricted spinor bundle

From the preceding considerations, it is now possible to identify S with X. For
example, if m and n are even, we have the following isomorphism:

YM®YXN — S
(Ism, 0], [sn,ml) — [®(sm, 5n),0 @ 7]
where the last equivalence class is given, for all (a,a’) € Spin(m) x Spin(n), by
(@((sar,5v)(a, '), 0 ®n) ~ (B(sn, sn),7(a-a') (e ®n)),

with respect to (2.6). From now on, the inverse of this isomorphism will be denoted
by

Y el(S)—»yY*el(Y). (2.7)
With respect to (.,.) and the naturally induced hermitian inner product on X, this

isomorphism is unitary. This is why both inner products will be denoted by the
same symbol when using this identification.
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Let w, = w, if n is even, and w; = —iw, if n is odd. Recall that in both
cases w? = (—1)" (compare with the definition of w, in [9] and note that it keeps
the same properties). From (2.2)—(2.5), it is easy to see that, with respect to the
representation 7y defined in Sec. 2.1, Clifford multiplication by a vector field X
tangent to M satisfies

VY el(S), X 9" =(X wi-y9)". (2.8)

2.4. The Gauss formula and the submanifold Dirac operator

Fix p € M and denote by (e1,...,em,v1,...,V,) a positively oriented local
orthonormal basis of TM‘M such that (e1,...,en) (respectively (v1,...,v,)) is a
positively oriented local orthonormal basis of T M (respectively NM). If V denotes
the Levi-Civita connection of (M, g), then for all X € T(T'M), for all Y € T'(N M)
and for i = 1,...,m, the Gauss formula can be written as

ViX +Y) = Vi(X +Y) + h(es, X) — h*(e;,Y), (2.9)

where V(X +Y) = VMX + VNY, and h*(e;, .) is the transpose of the second
fundamental form h viewed as a linear map from TM to NM. Here V; stands
for V,.

Denote also by V and V the induced spinorial covariant derivatives on I'(S).
Therefore, on I'(S), V = VM @ Id + Id ® V*V except for n and m odd where
V=(V*@Id +Ide V*¥)a (V™ @1d + Id ® V*V). For ¢ € I'(S), the
covariant derivative V) is understood via the relation (Vy)* = Vi*.

As in [2], one can deduce from (2.9) the spinorial Gauss formula:
- 1
Vi e I(S), Vi¢=Vi¢+§Zej'hij'l/)- (2.10)
j=1

Now, define the following Dirac operators

D:iei'@i, D:iei'vm
=1 i=1

and, H = >_"" | h(e;, e;) denoting the mean curvature vector field,

1
Dy = (-1)"wi D= (-1)'w D+ H w9 (2.11)
since H-w,-=(=1)""'w, -H-and D = D — 1H- by (2.10).

Remark 2.1. Another Dirac operator can be defined by using intrinsic Clifford
multiplication and twisting the Dirac operator on the submanifold with the normal
spinor bundle. This has been done by C. Bér in [2] by setting

DN :T(Z) — T(%)

> i€ o Vip if m or n is even,

P
> eiMVz«p ®—>.ei-mVip if mandn areodd.
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In fact, with the help of (2.8) and (2.11), we can relate Dy and DY/ by
1 *
(Duy)* = ((—1)%& Dy +oH wy '1P>

= D¥Ny* + %(H cwy )Y, Y eT(S). (2.12)

It is known that Dy is formally self-adjoint and that D% = D*D, where D* is
the formal adjoint of D w.r.t. [,,(.,.)vg (see [9]).

3. Estimates for the Eigenvalues of the Submanifold Dirac Operator
3.1. Basic estimates
First, for any spinor field ¢ € I'(S), define the function
m
RY =23 (e;-e; @R, ,0/[y]) (3.1)
i,j=1

on My :={x € M : ¢(z) # 0}, where RY _ stands for spinorial normal curvature

ei,ej

tensor. We start by giving a proof of the following result (see [9]):

Theorem 3.1 (Hijazi—Zhang). Let M™ C M™F" be a compact spin submanifold
of a Riemannian spin manifold (M, g). Consider a non-trivial spinor field ¢ € T'(S)
such that Dy = M. Assume that m > 2 and

m(R+ R}) > (m—1)[|H|]>>0

on My, where R is the scalar curvature of (M™,g ) and bev is given by (3.1).
Then one has

2
1 m
A2 > = inf _— NY —|H . 2
Lt (7R R - 1) (32
Proof. For any function ¢, nowhere equal to %, define the modified connection,

—4q

W v
V=Vt 3

e -H-+gle;-wy - .
Using the Lichnerowicz—Schrdédinger formula (see [12]), we have

(D%,) = (V") + (R + RYP,

and one can easily compute

2y — ma? —
vt = [ (4 ma? —2)
Xk_ﬁ(( R+ R _<m—1>||H||2>]|¢|2vg' 53)

1+ mg? —2q) (1 —mq)?
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Then, assuming m(R+ R})) > (m—1)||H||? > 0 on My, we can choose g so that
(m—1D|H]|

V(B +RY) — [ H]|

Inserting Eq. (3.4) in (3.3), and since the complement of My in M is of zero-
measure, we conclude by observing that the left member of (3.3) is nonnegative. O

(1—-mq)* =

on My . (3.4)

Let x; be the lowest eigenvalue of the self-adjoint operator R defined by

RN :T(S) — I'(S) (3.5)
ap»—>ZZei~ej-Id®R]e\;ejnp. (3.6)
i,j=1

The hypothesis m(R+R}) > (m—1)||H||* > 0 in Theorem 3.1 can be strengthened
to give

Corollary 3.2. Under the same hypotheses as in Theorem 3.1, assume that m > 2

and
m(R + k1) > (m = 1| H|* >0
on M, then
>l inf( ™ (R+#y) - |H|>2 . (3.7)
4 M m—1

Recall that in the case of hypersurfaces, limiting cases are characterized by the
existence of a real Killing spinor on M and the fact that the mean curvature H is
constant (see [14] and [16]). A non-zero section 1 of S satisfying

VX e (TM), Vxi* = —%XMI/)*

for a given real constant p will be called a twisted (real) Killing spinor.

Proposition 3.3. If equality holds in (3.7), then (M™,gn) admits a twisted
Killing spinor and | H|| is constant.

Proof. Suppose the limiting case holds in (3.7), then the right hand side has to be
constant on M, and

2
1 m
=1 (S wem - lHl) . Vom0 e @9

Note that equality holds in (3.2) which yields R} = ;. Hence 1 is an eigenspinor
for the operator R with eigenvalue x;. Using (3.8), we can show that || must be
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constant on M (therefore, My = M) and compute

Dw=—;ei- <m€i'f['¢+q)\ei'wl'w>

m(1—gq)
=Y gt mgdws -
20 —myg) Y+ maglwy Y
Then, by (2.11) and the fact that H -w,- = (-1)""lw, - H-,

m(l—q)

o:m-wg-w—2(1_mq)H~w—quwl-w

0=01-mg)* i -¥—(m—1)=-9.

Since in the equality case, /"5 (R + k1) —||H|| = 2|A|, we can deduce the relation:
H
wi = Sgn()\)m P

, we can rewrite (3.8) as an intrinsic equa-

With respect to the isomorphism “*”
tion on I'(X):
VX eD(TM), Vx¢*=-Lx . 4
m M
. sgn() m
th pu = —(R .
with p = ==y =+ m)

Note that if there exists two smooth real functions f and x on M and a non-zero
section 1 of S satisfying for all vector field X on M

Vxy~ =1

m
then, by computing the action of the curvature tensor on ¥*, we see that necessarily

. * N =
XMw and R =k,

1 . * e N *
Ric(X) - ¢ — > (ei-Jd®RY )¢

i=1

m—1

1 * * *
= ——df . X - df (X 2T X Y

which implies

9 m
= — (R + k) = constant .

Moreover, in the equality case, the fact that f is constant implies that ||H]|| is

constant. |

Remark 3.4. If the normal curvature tensor is zero, then p has to be constant
and the manifold M must be Einstein with mean curvature vector being of con-
stant length. Besides, the equality case corresponds to that of Friedrich’s inequality.
Therefore p is the first eigenvalue of the Dirac operator DY/ .
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3.2. Estimate involving the Energy-Momentum tensor
If ¢» € I'(S) is a spinor field, we define the Energy-Momentum tensor Q¥ associated
with ¢ on My by
1
QY = Sleiwi - Vivte-wy Vi, ¥/ [9]%) .
Note that
Q% = Sler - VUt +e; - Va4 /o)
ij = g\€iy Vi €y Vi¥o :

Therefore, Q¥ is the intrinsic Energy-Momentum tensor associated with *.
Observe that this intrinsic Energy-Momentum tensor is the one that appears in
the Einstein—Dirac equation (see [7]). We prove the following (compare with [14])

Theorem 3.5. Let M™ C M™t" be a compact spin submanifold of a Riemannian
spin manifold (M, g). Consider a non-trivial spinor field 1 € T'(S) such that D1 =
). Assume that

R+ k1 +4|Q¥)7? > | H|?> >0

on My. Then one has
2 1 f P2 2
> — . .
N> 4 inf (VR+m+41Qup - |H]) (3.9)

Proof. For any real function ¢ that never vanishes, consider the modified covariant
derivative defined on I'(S) by

Q 1
— ’n+
vi *Vz‘_2—’rnq6i~H-+(—1) lq)\ei'w -+ Ej Q;@-ej'w -

As in the proof of Theorem 3.1, we compute

R+ RY +4|Q¥12  ||H|?
/M|va|20g:/M(1+mq2) |\/\2_l< P |Q | o H H )] |1/}|2vg

4 (1+mg?) mq?
1 2 2 s (H-9Y,wi '¢>2 2
4 g (117

(3.10)
To finish the proof of Theorem 3.5, if R+ k1 + 4|Q¥|? > ||H||? > 0, we take

. 1]
m(y/E+ra +4QVP — [ H])

and then observe that by the Cauchy—Schwarz inequality, we have

(H-dwi-9)* 0. (3.11)

H|? -
I H|l i >
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Suppose now that equality holds in (3.9). Then

1
V=0, |A|—§<,/R+m+4|@w|2—|ﬂ|> and RVY = k11

Moreover,
H - AT
||H||2_< w:wj ¢> =0,
||
so that, by the equality case in the Cauchy—Schwarz inequality,
wi - 1/) = fH . w )

for some real function f on M. As in the preceding section, and taking into account
the identification (2.7), we deduce that f = %, and that the section 1 satisfies

— P
Vih* = — Z Qe - " (3.12)
J
Hence, we can say that 1 is a kind of Energy-Momentum spinor (see [14]). We will
call such a section a twisted EM-spinor. One can give an integrability condition

for the existence of twisted EM-spinors, by computing the action of the curvature
tensor on I'(S):

(1r(QY))? = (R+ B +41Q").

This implies, with Eq. (3.12), that the section 9* is an “eigenspinor” for DY/ asso-
ciated with the function £3+/R + x1 + 4|Q¥|?. Note that this function is constant
if and only if ||H|| is constant.

3.3. Conformal lower bounds
Consider a conformal change of the metric § = e2“g for a real function u on M. Let

S—S

Y1
be the induced isometry between the two corresponding spinor bundles. Recall that
if o, 1 are two sections of S, and Z any vector field on M, we have

(3.13)

(@aw):((ﬁai)_@ and Z_IZJZZ¢7
where Z = e~ *Z. We will also denote by g = (eng)|M the restriction of g to M.
Note that this isomorphism commutes with the isomorphism “*” given by (2.7).
By conformal covariance of the Dirac operator, for 1 € T'(S), we have,

_ (m-1) (m+1)

D "z “p)=e" "2 “Dy, (3.14)

where D stands for the Dirac operator w.r.t. to g. On the other hand, the corres-
ponding mean curvature vector field is given by

H = e 2(H —m grad" u). (3.15)
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Now, assume that grad" u = 0. If Dy stands for the submanifold Dirac operator
w.r.t. to g, Eqs. (3.14) and (3.15) imply that Dy is a conformally covariant operator,
ie.

“(Du) (3.16)

for any section ¢ of S.
From now on, we will only consider regular conformal changes of the metric, i.e.
g = e%*g with grad™u = 0, on M.

Theorem 3.6. Let M™ C M™t" be a compact spin submanifold of a Riemannian
spin manifold (M, g). Consider a non-trivial spinor field ¢ € T'(S) such that Dy =
M. For any regular conformal change of the metric § = e**g on M, assume that

Re™ + k1 +4|Q¥12 > [[H|2 > 0

on My,. Then one has

2
A2 > )

. S 2u D2 _
}\%(\/Re o +41QU2 — [1H])) (3.17)

| =

Proof. For ¢ € I'(S) an eigenspinor of Dy with eigenvalue A, let ¢ := e*%“@lj.
Then (3.16) gives Dy @ = Ae™“®. Recall that

Vip =V — %ei'du'l/) - %ei(u)l/;,

and €; = e~ "e;. Now, it is straightforward to get Q% = e‘“Q?}, hence,
Q7 = e 2 |QY[?. (3.18)

Equation (3.10), which is also true on (M, g), applied to @ yields

=G - Cwpp L(RARE+41Q7P  H|Z|
/M Vol = /M(1+mq2) l()\e " (limq“’) - mq2g Pl s

1/ ) 2 -y H7gwr 9)2\| _,
2 tm®) |———— (2 - P ) 52 g
1) )mQ(1+mq2)< Is ol Plg o

Since H = e “H, and ng = 6*2“R$}’, we have
5 2u
o o 1 (Re™ +RY +4|Q¥? H|2\|. _
[ 99 = [ ematie e - —( . I g2

] _
3 [ amte e [ 2 (- e ) i,

1+ mg?) me?
mq(1+mg?) [l
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As in the proof of Theorem 3.5, we finally take

_ IH||
1= 5 2u
m(y/Re™ + 5y +41QVI2 — | H]))
and use the Cauchy—Schwarz inequality (3.11). O

If the hypothesis in Theorem 3.6 is satisfied by an eigenfunction u; associated
with the first eigenvalue p; of the Yamabe operator, then one has:

Corollary 3.7. Under the same conditions as in Theorem 3.6, assume that m > 3
and p1 + K1+ 4|Q¥ 2 > |H||?> > 0 on My, then

2 1 . 2 2
22 2 (Vi o+ 41Q0F 1))

Corollary 3.8. Under the same conditions as in Theorem 3.6, if M is a compact
surface of genus zero and Area( y +r1+ 41Q%12 > |H|*> > 0 on My, then

2
1 8
2>_' [ W 2 _
A 41n£<\/ — )+H1+4|Q| |H|> .

Now suppose that equality holds in (3.17). Then

vQQZO, wy P = -1 where € € {£1},

H
“THT

1 —
A= 5 (VRe™ 4 sy +41QUE — [ H]) and RNy = mrp.
Using (3.13) and (3.18), it follows € = sgn(A) and

Vi :—el- LU duelw ZQ (3.19)

17 ]M

with du = w. Non-trivial spinor fields satisfying (3.19) will be naturally
called twisted WEM-spinors (compare with [14]).

4. Final Remark

In this section, we show that the normal bundle of the submanifold can be replaced
by an auxiliary arbitrary vector bundle on the submanifold. Thus, all the preceding
computations could be done in an intrinsic way to obtain results for a twisted Dirac
operator on the manifold.

Let (M™, g) be a compact Riemannian spin manifold. Let N — M be a Rieman-
nian vector bundle of rank n over M. Suppose that N is endowed with a metric
connection V¥ and a spin structure. Let S M (respectively N) be the spinor
bundle of M (respectively N). Set

Y:=YXM®XN.



May 16, 2002 19:32 WSPC/133-IJM 00140

14 N. Ginoux € B. Morel

Recall that Clifford multiplication on I'(X) by a tangent vector field X is given by:
Vpel(X), X-¢=(pmu(X)®@Idsy)(¥).
Define the tensor-product connection V on I'(X) by
V=V""@ldsy + Idsy @ V2V,

where V=M and V=V are the induced connections on I'(XM) and T'(XN) respec-
tively. Let DY/ be the twisted Dirac operator given by

m

XN 2 :
DM = eZVz

i=1

For any smooth real function f on M, define the modified twisted Dirac operator

by
D; =D — I
2
For X\ € R, consider the following modified connections
o2 1-9q)f
.= i Y € )\ 7"
Vi =V +2(1_mq)e +qlre
N f n
V? =V;— Q—mqei.—'—(_l) +1q)\€i'+§j:Q;€'ej?

where Q¥ is now the intrinsic Energy-Momentum tensor associated with .
Note that these connections can be obtained from those defined in Sec. 3,
assuming that

H-¢=fw 9.

In fact, this is the only way to give an intrinsic meaning to the modified connection
used before. Then the same computations as in the proofs of Theorems 3.1, 3.5 and
3.6, lead to the following assertions:

Let (M™, g) be a compact Riemannian spin manifold with N — M an auxiliary
oriented Riemannian spin vector bundle of rank n. Let ¢ € I'(X) be an eigenspinor
for the modified twisted Dirac operator Dy, associated with the eigenvalue A. Then,

Proposition 4.1. Assume that m > 2 and m(R + k1) > (m — 1)f? > 0 on My.
Then one has

2
1 m
25 2 - )
A —4}\?,f< e AU |f|>

If equality holds, (M™,g) admits a twisted Killing spinor.

Following the proof of Theorem 3.6, we can extend the previous theorem by
performing a conformal change of the metric on M. For the limiting case, just note

that Q¥ = %tr(Qw)g.
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Proposition 4.2. Assume that m > 2 and m(Re?* + k1) > (m —1)f2 > 0 on M,
for any conformal change of the metric § = e?*g on M. Then one has

1.
A2 > 27 in <\/m— (Re2v + k1) — |f|>

If equality holds, (M™,§) admits a twisted WEM-spinor, with Q¥ = g, where

Proposition 4.3. Assume that R+ k1 + 4|Q¥|* > f2 > 0 on My. Then one has

1 2
2 > 2 |2 _
N2 g inf (R4 mi+41QvP — |£))
If equality holds, (M™, g) admits a twisted EM-spinor.

Proposition 4.4. Assume that Re*™ + k1 + 4|Q¥|?> > f2 > 0 on My for any
conformal change of the metric § = e2*g on M. Then one has

1 — 2
2> 7 2u P2 _
Nz }\%(\/Re 1+ 4QUP I £1)
If equality holds, (M™, g) admits a twisted WEM-spinor.

Remark 4.5. Assuming the normal curvature tensor is zero and f is constant,
then the necessary conditions for the equality cases in Theorems 4.1, 4.2, 4.3 and
4.4 become sufficient conditions. Moreover, when m is odd, the considered Dirac
operator may have to be defined with the opposite Clifford multiplication according
to the sign of f.

Remark 4.6. We would like to thank Christian Bér for the following suggestion:
all inequalities which appear in the hypotheses of our theorems and propositions
can be taken in the large. This can be done by choosing an adapted function g.
depending continuously on a parameter € > 0 instead of the function ¢ in the proof
of the above theorems. We then obtain our inequalities when ¢ tends towards 0.
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